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Abstract. We explore some of the effects of a Global Rule (GR) propa-
gating the interaction between two Elementary Cellular Automata (ECA).
The Global Rule is defined as the addition of a local rule that evolves
mixed neighborhoods to the two interacting ECA rules. Complexity mea-
sures were made on the output of state evolutions of cellular automata
(CA) interaction instances to determine the resulting behavior of the in-
teraction. Several Global Rules change the complexity of the state evolu-
tion output, which suggests that some complexity is intrinsic to a Global
Rule but we also found that some Class 3 or 4 CA rules are more fragile
than others to Global Rules, while others are more robust, hence sug-
gesting some intrinsic properties of the rules independent of the Global
Rule choice. We provide statistical mappings of ECA exposed to GRs
and different initial conditions onto different complexity classes.
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1 Introduction

Although Elementary Cellular Automata (ECA) are well-studied, little is known
about the characteristics of a state output for two ECA that interact on the same
spatial grid. In this experiment, we explore the spatial output of two ECA that
interact via a global rule. Each separate ECA belong to a class of complexity as
defined by Wolfram [1]. When a global rule is introduced to define the dynamics
of the interaction, the output is significantly different than an ECA output.
Therefore, we undergo an experiment to explore the effects of some of the possible
global rules that define a small subset of interactions between two ECA.

2 Methodology

2.1 Cellular automata

Let S be a finite set of symbols (also called colors) of a cellular automaton
(CA). A finite configuration is a configuration with a finite number of symbols
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which differ from a distinguished state b (the grid background) denoted by 0∞b0∞

where b is a sequence of symbols in S. Since this experiment requires two separate
CA, we use two different binary alphabets to distinguish each CA; S = {0, 1}
and S = {0, 2}. A state evolution is obtained by acquiring successive state
configurations, where each configuration is obtained via the updating rule from
the preceding configuration. Formally:

Let CA : SZ → SZ and n, i ∈ N then:

CA(rt) = λ(xi−r . . . xi . . . xi+r) (1)

The state configuration x of a cell in the row rt with t ∈ N is ultimately an
evolution of the initial condition r0 according to the local update rule λ : Sn → S,
which determines the values of each cell for the neighborhood range r. Given
a central cell xi, the states of the immediate left and right neighboring cells
determine the state of x′i in the next row at the next time step. Every cell in the
row updates synchronously, and neighborhoods wrap around the boundaries.

The most well-studied non-trivial one-dimensional CA rule space is the near-
est neighborhood (r = 1) with two possible symbols per cell. These Elementary
Cellular Automata (ECA) are defined by Wolfram [1], where λ : S3 → S. The

ECA rulespace is relatively small, since there are exactly 22
2r+1

= 256 rules
of this type. In an ECA, each cell can only be one of two states, conventionally
denoted “0” and “1” (graphically depicted as white and black cells, respectively).

For our purposes, we consider two identical ECA spaces that differ only by
state symbols: One ECA space uses “0” and “1” for symbols, and the other
uses “0” and “2”. Since we preserve the white space for each CA, we will only
consider white-preserving (even-numbered) ECA for our experiments. We chose
to study one ECA rule per Wolfram class: Rules 32, 108, 30, and 54. With these
four rules, there are ten total possible interactions to study.

2.2 Mixed CA Neighborhoods and a Global Rule

For neighborhoods that have more than two symbols that define the cell states,
additional update rules are required to evolve the states. ECA rules only act on
neighborhoods with two symbols, so an additional global rule is needed to specify
how “mixed” neighborhood evolve. For nearest neighborhood rule spaces (r = 1
and neighborhood size R = 3), there are 12 possible mixed neighborhoods that
need possible update rules. Therefore, the size of the space of possible update
rules for mixed neighborhoods is 312 ≈ 5×105, which denotes 312 possible global
local update rules for a CA space with mixed and non-mixed neighborhoods. The
global rule (GR) is therefore defined as (rule table ECA 1 ) ∪ (rule table mixed
neighborhoods) ∪ (rule table ECA 2 ). We enumerate the GRs by generating all
tuples with 3 symbols in quasi lexicographical order.

As an initial exploration (and computation simplicity), we chose to study
the first 25% of GRs. We initialized every CA instance with initial conditions
that include both set of symbols from both sets of ECAs. We used the first five
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De Bruijn sequences B(k, n) of order n = 3 (denoting the alphabet size of both
ECAs, “0,” “1,” and “2”) and of size k = 5, which are 242 bits long each.

Thus, for each GR, we were able to study 10×5 different CA state evolution
outputs for t = 500 timesteps.

2.3 Characterizing Complexity

Wolfram’s classes for complexity in any CA can be characterized as follows:

– Class 1. Symbolic systems which rapidly converge to a uniform state. Exam-
ples are ECA rules 0, 32 and 160.

– Class 2. Symbolic systems which rapidly converge to a repetitive or stable
state. Examples are ECA rules 4, 108 and 218.

– Class 3. Symbolic systems which appear to remain in a random state. Ex-
amples are ECA rules 22, 30, 126 and 189.

– Class 4. Symbolic systems which form areas of repetitive or stable states,
but which also form structures that interact with each other in complicated
ways. Examples are ECA rules 54 and 110.

We can formally characterize these classes in terms of Kolmogorov complexity
is given [3]. A Wolfram class W (s(i, t)) of a system S for input i and runtime t
can be defined by:

W (s) = lim
i,t→∞

maxW (s(i, t))

If C ′n = W (S(i′, t′)) > W (s(i, t)) = Cn then s belongs to class Cn but not to
class Cn ≤ 4. In other words, W (s(i, t)) and W (s) are approachable from below.
According to this definition, a system s cannot therefore belong to 2 different
Wolfram classes but it doesn’t mean one cannot misclassify a system for certain
values of i and t. W induces a class of equivalence, therefore

⋂4
n=1 Cn = ∅ and∑4

n=1 |Cn| = |
⋃4

n=1 Cn|.
We use this method to determine the complexity of a CA state evolution for

ECA and mixed neighborhoods evolving under a GR. Specifically, we used the
Mathematica 10.0 Compress function as an approximation of the Kolmogorov
complexity 5 as first suggested in [2]. For every row of the CA state evolution
output, the cells were divided into 11 segments, each of length 22. A length of
22 bits is sufficient to capture a wide range of compression values, depending
on the states of the bits. The compression values c for each segment in row
rt are Crt = [c

xithroughxi+22
, c

x22∗ithroughx22∗i+22
. . . c

x242−22throughx242
]. Each c

is normalized by subtracting the compression value of a string of 0’s of equal
length. The C values for every timestep are totaled and divided by the number of
timesteps times the segment length. Because there are 11 segments total, there

5 An online program showing how compression characterizes cellular au-
tomata evolution can be found in http://demonstrations.wolfram.com/

CellularAutomatonCompressibility/.
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are 11 adjacent columns of the CA state output that can be analyzed according
to Ctotal. This method is completed for every 100 timesteps, so that for a total
time T = 500, there are 5 measured Ctotal values.

3 Results

Fig. 1: Heat maps for all explored GR outputs that result in indicated class
behavior.

3.1 General GR Effects

To understand the effects of a GR on two interacting ECA, we studied the
Ctotal value for the last 100 timesteps 6. For most of the CA instances, this is a
good approximation of the long-term effects of a GR. These Ctotal values were
binned according to the thresholds that define Wolfram’s complexity classes. The
thresholds were trained according to calculating Ctotal for the ECAs we used
for the interactions. From the thresholds, we determined that Class 3 behavior
produces compression values above 0.7, Class 4 behavior produces values between
0.63 and 0.6999, and Class 1-Class 2 behavior produces anything less than 0.63.
The heatmaps in Fig. 1 show the total number of GRs that result in measured
class behavior (Class 1 and 2, Class 3, and Class 4, respectively). Color indicates
the GRs behave according to the indicated class.

Most GRs that result in Class 1 or Class 2 behavior result from ECA Rule
32 and 108 interactions, which are Class 1 and Class 2 interactions (Fig. 1). This
result is to be expected since the original rule tables from the ECAs preserve
the original behavior. However, this is not the case for ECA rule 108 and 32
interactions with rule 30 and 54 interactions. This suggests the complexity is
the higher classes of ECAs are propigated throughout the output via the global
rule. Specific examples of these interactions are given in the next section.

6 An online program illustrating interacting cellular automata can be visited at http:
//demonstrations.wolfram.com/CompetingCellularAutomata/.
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(a) Global Rule 101382 (b) Global Rule 81726

(c) Global Rule 47261 (d) Global Rule 15982

Fig. 2: The first (a, b) are two examples of Class 3 interactions that preserve their
mixed neighborhoods. The last two (c, d) are examples of Class 3 interactions
that result in Class 2 behavior.
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3.2 Global Rules of Interest

There are several interesting examples of GRs that affect the classification of
behavior of the CA interaction state output. Some of these examples are shown
in Figure 2. GRs are enumerated according to their position in the Tuples

function.

4 Discussion

The most interesting cases are when Global Rules increase or decrease the com-
plexity of the output by entire classes. This suggests the complexity is originating
from the structure of the GR. There are also cases where mixed neighborhoods
are present throughout the output, which is a form of emergence in these inter-
actions. Although with our short exploration, it is unclear whether these mixed
neighborhoods eventually die out or not, it is nonetheless a case of intermediate
emergence from a Global Rule.

5 Conclusions

We have found interesting cases where Global Rules seem to drastically change
the complexity of an interacting CA output. Some originally Class 3 ECAs, for
example, were found to be too fragile under most Global Rules, while some other
are more resilient. These are promising results for a further investigation of the
effects of Global Rules on Cellular Automata interactions, as well as to different
initial conditions.
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